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-

1. 1 pt = Let M < R" be a 0-dimensional submanifold and p € M. Through the characterization by
immersion and homeorphism, there exists an open neighbourhood U, c R” of p such that U, n M

is homeomorphic to an open nonempty set Q < R® = {0}. This means that
Y0} —U,NM
is bijective. So
Card(U,nM) = Card ({0}) = 1.

Hence
U,nM={p}

and M is discrete.

< Le M c R" be a discrete set and p € M. By the definition, there exists an open set U, c R" of
p such that

U,nM={p}.

Let us consider the following diffeomorphism (constant mapping)
v:Up,—Q={0}
such that ¥ (p) = 0. Therefore, we get
v (Uyn M) =y ({p}) = 10} =R = (& x (0}") n

Then, using the definition of the submanifold (coordinate charts), we obtain that M < R" be a 0-
dimensional submanifold.
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2. = Let M < R? be a d-dimensional submanifold and p € M. Through the characterization

by submersion, there exist an open neighbourhood U, c RY of p and a submersion g such that
g:Up,— R =0}

and
g oy =U,nM.

As for any x € Uy, we have g (x) = 0, this implies
U,=g ' ({0h)=U,n M.

Hence
peU,cM.

Consequently, M = Upep Uy, and so M is an open set as a union of open sets.
1 pt = Conversely, let p € M. Since M is open, there exists an open neighbourhood 6, such that

peb,cMc RY.
Let us consider the following diffeomorphism (Identitity mapping I (x) = x, for any x € M)
Iy : M — M.
Hence (having in mind that R% x 010 = R4 )

In (0,0 M) =0, = (R? x 0)°) ),

This yields that M is a d-dimensional submanifold.

Correction of Exercice 2 -

@ 1).Let p = (x,¥,2) € M etlet us consider the following €*°-mapping

- We have the Jacobian matrix of g is given by

_[2x 8y O
](g)(x,y,z)_(—zx 8y 1)
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and
2x 0) 8y 0)
det (—Zx 1) =2x, det (8y 1) =8y.

The fact that p € U, implies that x # 0 or y # 0. Therefore, g is a ¥* submersion with g~ ({0g:}) =
MAU,.

Then M is a smooth (¢*°) 1-dimensional submanifold of R%, i.e., M (1,00,3).

- 2)Leth = (hy, hy, h3) € R3. Using the characterization of the tangent space via a submersion,
we get

T(pyM= ker (Dpg) ={neR% J(8)(yy-h= O]
= {(hl, hg, hg) € Rg; xh1 = —4yh2, hg = thl —8yh2} .

- 3. By routine calculation, we obtain in each case (x # 0 or y # 0), the following basis of
JORE

T(x,y,2)M = span{(-4y,x,~16xy)}.

Correction of Exercice 3 -

- 1. Let (a, b) € M; x M,, which implies a € M; and b € M>. Since M; are d; -submanifolds

of R™ of class €%, i = 1,2, then there exist two open neighbourhoods U, c R™, U, c R"?, gk
submersion g; and € *2-submersion g such that

g: Us— R™~4  with gl"1 ({ORnl—dl }) =U,NM;

and
g: Up—R"%  with g5' ({0gn-a,}) = Upn Ms.

Now we show that g is a submersion. First, we observe that

J(& X
J(8)(xy) = ( (go)( ' (82)@))'

Since g; and g, are two submersions, one gets

Tk(]gl) =m —dl Tk(]gz) = nz—dz.

H. RAMOUL L3-Maths / DG / Correction of FE 27 mai 2024 Iﬂ



UnivabesLaghrour—Khenchela «fs FacSciencesand Technology «‘s DeptMathematics

Consequently, there exist square matrices Ny (in J (gl) ( x)) and N, (in J (gz)(y)) such that O(N;) =
ny —dy, O(N>) = np —dp and det (INV;) #0, i = 1,2. This yields

(2 )

0 N

is a square matrixin J(g) ., with

(x,y)
O(M)=0(IN1) +O(N2) = ny +ny— (dy +do)

and
det (M) =det (IN7) x det (IN2) #0.

In view of
rk(Jg) =OM) =ny+ny— (dy +dy),

we obtain that g is a submersion.
Next, we we show that

g_l ({O[Rnﬁnz—(dﬁdz)}) ; U(a,b) N (M x Mp).

We have o .
g ({OR"1+"2—(d1+d2)}) =8 ({(OR"rdl»Oan-dz)})

={(x.y) €U, &(x¥)=(0gm-dar,0pm-a)}
={xe€U, & (X)=0pn-a, AYEUp, & (¥)=0gnr-a}
=g ({0gm-a}) x & ({0gn-a.})

= (Uan M) x (Upn M>)

= (Ua x Up) N (M x M>)

= U(a,p) N (M1 x M3)

and we are done. Then M; x M, is a (d; + d»)-dimensional submanifold of R "2 of class €™"k1-k2),
2. Following the question 1, the tangent space T{, p) (M x M>) is a (d; + d2)-subspace. We
have also T, (M) is a (d;)-subspace and T, (M>) is a (d»)-subspace, which implies that

dim (T, (My) x Ta(Mp)) = dy + dp = dim(T(a,p) (M) x My)).
Hence it suffices to show that
2
Ty (M) x Tq (M) € Tig,p) (My x M>).

Letn,x >0.Let h = (hy, hy) € T, (M) x T, (M>), then there exist two differentiable functions
a and S such that
a: |-nn[— M
a0 =a, a 0)=h;.

H. RAMOUL L3-Maths/ DG / Correction of FE 27 mai 2024 E




UnivabesLaghrour—Khenchela «Is FacSciencesand Technology «{s DeptMathematics

and
B: I-xx[— M
B©0)=b, p'(0)=h,.
Let observe that we can construct a differentiable function y such that
y: l-gel— Mix M
t—y®)=(a(®,B®),

where € = min (7, ) > 0. Also, we have

y(0) = (a (0),6(0)) = (a,b)

and
Y © = dy©=(a' 0,5 ©)
= (hy,hy) =h.
Therefore
he T (M x My).
Hence
T (My) x Ta (M) € Tig,p) (My x M>).
As we have
dim (T, (M) x Ty (M) = dim (Ta,p) (M x M),
we obtain

Tq (M) x Tq(M3) = T(q,p) (M1 x M>).
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